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Abstract 

We develop new elements of harmonic analysis on the complex sphere 
on the basis of which Bernstein's, Jackson's and Kolmogorov's inequalities 
are established. We apply these results to get order sharp estimates of 
m-term approximations. The results obtained is a synthesis of new results 
on classical orthogonal polynomials, harmonic analysis on manifolds and 
geometric properties of Euclidean spaces. 
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1 Introduction 

Let X be a separable real Banach space and 5 := {i^fcjfegN be a dense subset of 
X, i.e., clx (S) = X. For a fixed m e N let f2,„ := {fc^ < . . ■ < km} C N and 
S(57,„) := lin{Cfc, }J" Consider the best approximation of an element (p G X 
by the subspace S(f2,„) in X, 



K0,S(a„),^) ^ inf ^ U~ax = , inf ^ ^ 



(=1 



X 



The best m-term approximation of G X with regard to the given system S 
(frequently S is called dictionary) is 

z/„j(0,S,X) := inf v{<p,E{n,n), X). 

0,„ CN 

Finally, m-term approximation of a given set ]C C X is 

i^m i^milC,^, X) := sup z^™(0,S,X). 



*This research has been supported by the EPSRC Grant EP/H020071/1. 
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m-Term approximation has been introduced by Stechkin [H] in the case X = 
Lp , p = 2, then studied by Ismagilov [4] and many others for any 1 <p < 
00. Here, §^ is the unit circle. During the last years m-term approximations 
and n-widths became very popular in numerical methods for PDE's. More 
specifically, in recently developed reduced basis methods. Also, the idea of so- 
called "greedy algorithms" has been inspired by m-term approximations. It is 
natural to call m-term approximations considered here as harmonic m-widths 
by analogy with known trigonometric m-widths. Remark that Kolmogorov's 
n-widths, defined as 

d„(/C,X):= inf sup inf ||a; - 

where /C is a centrally symmetric compact in X, can be bigger, less or equal to 
the respective n-term approximations. Observe that m-term approximation is 
a highly nonlinear method of approximation. In particular, in this article we 
show that in the case of Sobolev's classes it is not possible to improve the 
rate of convergence in Lq, 1 < q < p < oo using m-term approximation instead 
of linear polynomial approximation. 

Our lower bounds of m— term approximations are essentially based on Bern- 
stein's inequality [TS] 

llt^'ll, < iV^+''^i/P-i/')+||iA.||p,7 > 0, l<p,q< oo,\ftN e Tn, (1) 

where Tn is defined in ^ and methods of Geometry of Banach spaces. We will 
need some general definitions. 

Let ■■= {ki < ■ ■ ■ < k„,} C N and S„(f7„j) lin{llfejj;i^, where 
n = dimlin{Hfcj}|^-^ and Hfe^ is an cigenspace of Laplace-Beltrami operator 
on the complex sphere S'^{C) defined in the Section [51 In the special case 
= {1, 2, • • •, TV} we shall write 

Tn ■■=\m{Rk}k=i- (2) 

Let {^fcjfegN be a sequence of orthonormal, functions on S''(C). Let X be 
a Banach space of functions on §'*(C) with the norm || ■ \\x such that £,k € X, 
Vfc e N. Clearly, S„(X) := lin{^i, ■ • • , C X, Vn e N is a sequence of 
closed subspaces of X with the norm induced by X. Consider the coordinate 
isomorphism J defined as 

J: M" E„{X) 
a = (ai, • • • , a„) i — Y.k=i^k-^k- 

Hence, the definition 

l|a||j-iH„(x) = \\Ja\\x 

induces the norm on M". To be able to apply methods of geometry of Banach 
spaces to various open problems in different spaces of functions on we 
will need to calculate an expectation of the function :— ||a||j-iH„(x) on 
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the unit sphere S" "'^ C K" with respect to the invariant probabihstic measure 
dfj,n, i.e., to find the Levy mean 



^^(11 • b-iH„(x)) = / Mj-^eux) ■ dfinia). 
As a motivating example consider the case X — Lp :— Lp (§''(C)), 

||<^||p I (/s^(C) I'^l'' -d^)^"^ 1 < p < oo, 
{ ess sup \(f>\ , p — oo. 

In this case we shall write — \\Ja\\p. The sequence {■f/cjfceN of orthonor- 

mal harmonics on §'*(C) is not uniformly bounded on §'*(C). Hence, the method 
of estimating of Levy means developed in f7| - l9] can not give sharp order re- 
sult. Various modifications of this method presented in |10| - give an extra 
(logn)^/^ factor even if p < oo. Our general result concentrated in Lemma 
3 which gives sharp order estimates for the Levy means which correspond to 
the norm induced on M" by the subspace ©^^Hfe^ n Lp, dim Hfc^ = n 

with an arbitrary index set (fci, • • • , km), where H^^ are the eigenspaces of the 
Laplace-Beltrami operator for §'^(C) defined by ([3]). To show the boundness of 
the respective Levy means as n — >■ oo we employ the equality 

h{a) dj{a) = hm h ( d9. 



m~>oc 7o V (27^)1/2' ' (27r)l/2 

where h : M" — )• M is a continuous function such that 



h{ai,- ■ ■ ,an)exp y-'Y^Jak\j -^0 
uniformly when \'^k\ — ^ oo, 

dj{a) — exp I —"'^^ ctk ] da 

\ k=l J 

is the Gaussian measure on M", 

(5^(0) m-'/' ■ {r^k-i)m{0) + ■■■ + rfc™(0)) , 1 < fc < n 

and rs{9) = signsin(2*7r6'), s G NU{0}, 9 G [0, 1] is the sequence of Rademacher 
functions |16j , |12j . To extend our estimates to the case p = oo we apply Lemma 
2 which gives a useful inequality between 1 < p, g < oo norms of polynomials on 
S'^(C) with an arbitrary spectrum. It seems that the factor (logn)^/^ obtained 
in Lemma 3 is essential because of the lower bound for the Levy means found 
in [5] in the case of trigonometric system. This fact explains a logarithmic slot 
in our estimates presented in Theorem 2. We derive lower bounds for m— therm 
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approximation of Sobolev's classes ^ using Lemmas 1 and 2, Urysohn's in- 
equality, Bourgain-Milman inequality and estimates of Levy means given by 
Lemma 3 and (jl3p . Upper bounds for m— therm approximation contained in 
Theorem 1 where we establish Jackson's type inequality. As it follows from 
Remark 1, m-term approximations can not give better rate of convergence than 
approximation by the subspace of polynomials on S''(C) of the same dimension. 

In this article there are several universal constants which enter into the 
estimates. These positive constants are mostly denoted by C, Ci,.... We will 
only distinguish between the different constants where confusion is likely to 
arise, but we have not attempted to obtain good estimates for them. For ease 
of notation we will write a„ <§; &„ for two sequences, if a„ < C • &„, Vn G N and 
0,71 >; fo„, if Ci • bn < a„ < C2 • 6„, Vn e N and some constants C, Ci and C2. 
Also, we shall put (a)+ ;= max{a, 0}. 

2 Harmonic Analysis 

Let C" be n-dimensional complex space. We will denote vectors in C" by 
z — {zi, Zn). Let the inner product of two vectors w, z £ C" be 

n 

(w,z) = -Zj, 

J+1 

and the length of a vector be |z| = (w, z)^/'^. Let 

§''(C) := {z e C" : |z| = 1} 

be the unit sphere in C". Here d means the topological dimension of the complex 
sphere over reals. It means that d = 2n — 1. 

Observe that S'^(C) is a compact, connected, d-dimensional, Riemannian 
manifold with C°° metric. Let g its metric tensor, v its normalized volume 
element and A its Laplace-Beltrami operator. In local coordinates xi, 1 < I < d, 

where gjk := g{d/xj,d/xk), g := \det{gjk)\, and {g^'') := {gjk)^^- It is well- 
known that A is an elliptic, self adjoint, invariant under isometry, second order 
operator. The eigenvalues 9k = k ■ {k + d — I), of A are discrete, nonnegative 
and form an increasing sequence < < ^1 < • ■ • < < • • • with -l-oo 
the only accumulation point. The corresponding eigenspaces H^, fc > are 
finite-dimensional, orthogonal with respect to the scalar product 

{f,g) ■= f -g-dv 

JS<i(C) 
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and 

/ oo N 

L2 ■.= L2{^\C),v)^c\l, 0Hfc 



It is known [15] that dn '■= dim (H„) >; n?'^^^ . 

The complex sphere §''(C), d = 3,5, ... is invariant under the action of the 
unitary group W(d+i)/2, the group of {d + l)/2 x (d + l)/2 complex matrices 
U which satisfy UU* = I(d+i)/2^ where U*^ JTjj, 1 < i,j < (d + l)/2 and 
S'^(C) = W(d+i)/2/^d-i)/2- If K is a W(d+i)/2 invariant kernel then there is a 
univariate function such that k(x, y) = vl'((x, y)). We define the convolution 
of / G Li (§''(C)) with a W(d+i)/2-invariant kernel n as 



(/*k)(x)= / f{y)-^{{^,y))-du{y). 

Let Mk be an invariant kernel of orthogonal projector L2 ^ H^. Then Mk *(/> G 
Hfc for any £ Let us fix an orthonormal basis {^mlm^i of H^. For an 
arbitrary (j) G Lp, 1 < p < 00 with the formal Fourier series 



dk j> 

fceNu{0} feeNu{0}m=l ^S-^CC) 

the 7-th fractional integral I-^cj) ^71 7 > 0, is defined as 

dk 

0^~c + 5]0r^'£c,^„.(0).r^, cgm. (4) 



fcGN 



The function D^(f) := (/>'''''> e Lp, 1 < p < 00 is called the 7-th fractional 
derivative of (j) if 

fcGN m=l 

The Sobolev classes are defined as sets of functions with formal Fourier 
expansions ^ where ||0||p < 1 and /j^^ (pdv = 0. 

We recall that a Riemannian manifold M'' is called homogeneous if its group 
of isometries Q acts transitively on it, i.e. for every x,y € M.'^, there is a 5 £ 
such that gx = y. For a compact homogeneous Riemannian manifold M'' which 
is, in particular, §'^(C) the following addition formula is known [3] 

Y\Y„\ix)\^^dk, VxGM^ (5) 



fc=i 



where {Y^}'^^^ is an arbitrary orthonormal basis of H^, k > 0. 
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3 m-Term Approximation 

Our upper bounds come from Jackson's type inequality. 
Theorem 1 Let f ^ Lp and 

E{f,TN,Lp):= inf 

he the best approximation of f by T/v ■ If f^^^ ^ -^p CL'^d 7 > {d — l)/2 then 
E{f, Tn,Lp) <C-N-' ■ E{f^'\TN, Lp), 1 < p < 00. 

Proof To produce our estimates we will need some information concerning 
Cesaro means. The Cesaro kernel is defined by 

n 

C"5 — \^ . M 

■~ f-ifi / , ^n-rn -""mi 

" m=0 

where are Cesaro numbers of order n and index 5, i.e. 
It is known [15] that for < (5 < (d + l)/2, 



n 



\\SX<CI {\ogn)\ 5^{d-l)/2, (7) 
[ 1, 5 ^{d +1)12. 

Fix a polynomial <f>M G Tm with ||0a/|Ip < 1 and let 

N 



k=l 

Let {Afe}j,gp^ be a fixed sequence of real numbers. Applying Abel's transform 
s + 1 times where s := (d + l)/2 we see that, for > s + 1, 

Kn * (t)M = {KIj_s-i + Kli) * (?!)A/, 

where 

fe=i 

(£i+l)/2 
k=Q 

A°Xk := Xk, A^Afe = Afc - Afe+i and A^+^A^ = A^Afe - A^A^+i, fc, s e N. Using 
dS]) and dZ]) we get 

W AT 
k=l k=l 
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N 



N 



fc=i 

N 



fc=l 



N 



(8) 



fe=i 



fe=i 



Since in our case = O,^''^'^ then \A'^'^+^^/^ \k\ x fc-7-(d+3)/2 as fc ^ cx) and, 
by 0, 1 1 511 1 ^ < C as cx) . Similarly, using ^ we get 

(<i+l)/2 
fc=0 

(d+l)/2 



From (HI) follows that if 7 > (d - l)/2 then 

lim \\Kl\\i=0. 



(9) 



(10) 



Comparing ([8]) and pO|) we get that for any fixed polynomial 0^/ G Tif , M G N 
the sequence of functions K^^ * (j>M converges in Li to the function 



K 



>M 



g-7/2 



Remark that 



\K~Kl,\\^< \A^+'Xk\-Cl-\\St\\,<CN~ 

k=N+l 



(11) 



Fix an arbitrary polynomial ipN G T/v- For any f ^ f — K * such that 
G Lp we have 

E{f,TN,Lp) < K * f^^^ - K + K], - K], * f^''^ 

p 

< \{K-K'^)* (Z^-^) - V-jv) 1^ < ||(i^ - • II (/^^^ - V-Tv) 1^ 

<c-iv-^-£;(/(^\rw,Lp), 

where in the last line we used (jlip and the fact that -tp^ is an arbitrary polyno- 
mial. I 
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Remark 1 From Theorem 1, and J^, p. 658 we get Kolmogorov's type 
inequality, 

||/(")||,<C||/(«||^/'^.||/II^"/^ 

where \ < p < oo and (c? — l)/2 < a < /3. 

To prove our lower bounds we will need several Lemmas. 

Lemma 1 There is a sequence of function Q2N G TzNtN £ N such that for 
any tjv G Tn we have 

Q2N *tN =tN 

and 

||g2jv||i <C, ViVeN. 



The proof of this statement is based on the norm estimates for the Cesaro 
means (O and the line of arguments used in [13] (see Example 2.6). Observe 
that Q2N has the form 

2N 
fc=0 

where is the reproducing kernel for Hfc, 

Ar=X.(4),0<^<2iV, 

Xs {t) = 2d • / Xs-i {u) -du,! <s < d, 



and 



Xo (t) 



1, te[0,i], 

0, t i [0, 1] . 



The function Xd (t) is d — 1 times continuously differentiable and nonnegative 
on [0, 00) . Furthermore, xlf (^) is Lipschitz continuous, Xd (i) = 1 if t G 
[0<t< 1/2] , and 

,„o = M(i-<,^i-l<«<i. 

Also Xd (t) is a polynomial of degree d in each interval [<s,is-i] , 1 < s < d, 
where tg = I — s/ {2d) . 

Let n,n {fci < • • • < fc™} C N and S„(r2™) lin{HfcJ™;^. 

Lemma 2 For any fi™ and any ^ g S„(r2m), m G N we /iai;e 

where 1 < p,q < 00 and n := dimS„(r2„i). 
Proof Let 
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be the reproducing kernel for S„(r2m). Clearly, 



Kn{x,y) = 




Kn{x, z) ■ Kn{z, y) ■ dv{z), 



and Kn{x,y) — Kn{y,x). Hence, using the Cauchy-Schwartz inequality, 
||i^n(-,-)lloo < \\K,,{y,-)h-\\K^{x,-)\\2 

for any x,y & §''(C). Due to the addition formula ([5]), we have ||i4r„(a;, •)||2 = 
n^/^. Therefore, 

\\Kn{-)\\oo<n. (12) 
Let ^ € S(ri„i). Then applying Holder inequality and (IT2|) we get 

||ellco<||if„(-,-)lloo-||^||i<ri-||e||i, 

and hence 

ll^llLi(M'')nH„(a„)-!-Loo(M'')nH„(a,„) < 
where I : Lp ^ Lq is the embedding operator. Trivially, 

ll-^llLp(M<i)nH(r!,„)-*Lp(M<i)nH(0„) = li 

where 1 < p < cxd. Hence, using the Riesz-Thorin interpolation Theorem and 
embedding arguments we obtain 

II^IIp < n(i/f-i/.)+ . ii^ii^^ e S„(f7„), 1 < p, g < oo. 

■ 

Let E" be the Euclidean space with the usual scalar product (a,/3) := 
J2k=i o^kPk, and the norm \a\ := (a, a)"^^^ . Let B^^^ :— {a \a G K", |a| < 1} 
be the canonical Euclidean ball and S"^^ := {a \a £ R", la] = 1 } . Let K C 
R", be a convex, centrally symmetric body, then the polar set K° is defined 
as K° := sup{|(a,/3)| <l,P GK}. Let us fix a norm || ■ || on and let 
E = (R", II -11) with the unit ball Bfi. The dual space £;° = (R", |H|°) is endowed 
with the norm ||^||° = sup^g^^ KCj"')! and has the unit ball Be° ■— {Be)° ■ In 
these notations the Levy mean Mb^ is 

Mb^ = I UWn, 

where c?/x„ denotes the normalized invariant measure on S"^^, the unit sphere 
in R". We are interested in the case where || • || = IMI(p)- In this case we 
shall write J~^i?LpnH„(si,„) = B^p) In the case fim = {!,••• the estimates 
of the associated Levy means were obtained in [T^]. This result can be easily 
generalized to an arbitrary index set VL„i — {ki < ■ ■ ■ < km\- 
Lemma 3 

Mby^ <C-p^'^, P<oo. 
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Applying Lemmas 2 and 3 with p ~ log n we get 

= I 11^11(00) • dA^n < n^'" ■ I m\(p) ■ dlln 



< 



C-p^/^-n^/P = C- (logn)^/^ < C ■ (logn)^^'^ . (13) 



Our lower bounds for m-term approximation are concentrated in 
Theorem 2 

:.„(M7,S,L,)>C-m-^/'^-i?,„, 

where 

[ (logm)^/^ • 2<^w ) ^ p = oo,(7>l, J 

Proof It is sufficient to consider the case p > 2 and 1 < g < 2 since all other 
cases follow by embedding arguments. By Bernstein's inequality ([T]), 

(dimr7v)~^/''c/pnrw c vf;. 

Hence, from the definition of i^m it follows 

t/„(wy,s,i,) > i/„,((dimr7v)-^/''-c/pnr/v,s,i,) 

- (dim Ttv • lymiUp n Tn, S, L,). (14) 
Let (f) UpD T/v and ^ (z Lp. Then applying Lemma 1 we get 

\\Q2N * (0 - Ollp = IIQ2JV *(?!>- Q2Af * Clip < ||Q2Ar||i • U - vWp, 

where 77 := Q2N * ^ G T2N and </) — Q2Af * for any (/i e T/v- Consequently, 

mf !!</>- ?7||p> ^ inf !!</>- eilp>C inf U - vWp, 

(15) 

for any G UpCiTw- Comparing ([T4)) and (fT5|) we find 

:.™(Wy,S,L,(M'')) > (dimTTv)-^/-^ • 7?™, (16) 

where 

:= l^rniUp D Tn,'^(^ T2N,Lg H T^Af). 

Let ei, • • ■ , Cfc be the canonic basis in R^, k :— dim72Af- Let 1 = {fci, • • • , km} G 
N™, fcs < fc, 1 < s < m and X™ = lin{efcj^i. Since p>2, then by Holder's 
inequality Bp C -62- Consequently, J~^{Bpr\TN) C J~^{B2r\TN) and, therefore, 

j-\Bpr\TN)^^i{xr+ .r\{-Dm-Bq) r\T2N)) hj-^BpHTn) 
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c ui(xr + J-\{^m ■ Bg) n T2n)) n J-\B2 n Tn)- (17) 

Let P (X™) be the orthoprojector onto X™ and P-^ (X™) be the orthoprojector 
onto (Xj"*)""" in J~^Tn- Observe that for any 1 

(xr + J-\{^m ■ Bg) n T2n)) n J-i(S2 n Tn) 
c P (XD (xr n J-i(B2 n rw))+P^ (xr)oJ-i(((^?„ • s,) n rAr)n(S2 n Tn)) 

= X,™ n J-\B2 n Tat) + P^ (XD o J-^(((t?„ • Bg) n Tn) n (B2 n Tn)). 
Let 

dim Tn ■=n,l := dim J(Xi" n J~'^Tn)tn ' « := »^ - ^ • 
Taking volumes we get 

Voi„((xr + J-\{^m ■ Bg) n T2n)) n J-^(P2 n Tn)) 
< Vol„ (xr n J-HB2 n Tat) + P^ (XD o J-^ • P,) n Tn) n (P2 n Tn))) 

= Vol, (P(^2)) • Vol, (p^ (XD o J-i(((i?„ • Bg) n Ttv) n (P2 n Tn))) ■ 

To get an upper bound for 

Vol, (P^ (X[") o J-i(((i?„ • Pq) n Tw) n (P2 n Tn))) 

we proceed as following. Let xi, • • •,a;iv be a 1-net for [Bq fl Tn) in the 
norm induced by (P2 fl 7jv) • Hence, we have 

N 

J-1 (Pg n Tat) c U {xk + J"' (P2 n Tn)) 
fc=l 

and, therefore. 

Vol, (P^ (XD o • P, n Tat) n (P2 n Tat))) 

< Vol, (P^ (xr) o J-i(,9„ • P, n Tn) 
= ■ Vol, (P^ (XD o J-i(P, n Tn) 

< ■ Voi,p^ (XD (^'^ + n Tn))^ 

= < • Vol, ^[JP^ {Xn (xfe + (P2 n Tat)) j 

< t?^ • Vol, 1^ IJ (p^ (X™) xfc + p^ (XD o j-1 (P2 n r^)) j 
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N 



<Ka-Y. Vol; {P^ i^n o {B2 n Tn)) 



k=l 



d'^-N- Vol, (5(2)) , 



since {X^) o J ^ (B2 H Tn) — -^(2)- To get an upper bound for N we use 
the estimate [3] 

sup 

fc>i 

which is valid for any convex symmetric body V C M". Put e/j = 1, then minimal 
cardinality TV of 1— net for {Bq n Tn) in the norm induced by {B2 n Tn) 
can be estimated as 

where F := {Bq CiTn) ■ Finaly, we get 

Vol„((xr + J-Hi-dm ■ Bq) n Tn) n J-\B2 n Tat)) 
< 2^"<° ■ dL ■ Vol., f 5(^2)) ■ Vol/ (s|2) 



dimT2iv / ^ \ 



Observe that the number of terms in (|17p is 

dim T2 

j di] 
V m 

m=0 ^ 

Hence, from (fT7)) it follows that 

Vo\n{J-\Bp n Tn)) < 2" • max w^, (18) 

where 

wj„ := Vol„ ((Xr + J-'((i9,n ■ Bq) n Tsat) n J-i(B2 n Tat)) 

• Vol, • Vol, (5(2) n (Jxr)^„)) . (19) 

Let a e (JX™)^^. By Holder's inequality 

||q;||/ N = sup {a, f3) = sup / Ja-Jji-dv 

Il/3|1(,)<1 ll/3||(,)<l-'S''(C) 
= ll-^allg' = l|a|l(q') > 

12 



Remind that I = dim{JXl^)j-^. The last mequahty implies 



< 



< C ■ {qY'\ 1/q + l/q = 1, 1< g < oo, (20) 
Where in the last line we use Lemma 3 and p^ . Comparing (|18p - (P(H) we get 



< <„ . 2^ (^ )^'' " . Vol, • Vol, 



(21) 



Now we turn to the lower bounds for Vol„(J ^{Bp n Tjv))- From the Bourgain- 
Milman inequality [T] 



/ 



Vol„F • Vol„F° 



V (V0l„i?^2) 

which is valid for any convex symmetric body V C M", it follows that 



, Vol„ B" 

Yo\niJ'\Bp n Tat)) > • I • Vol„ (B" 

Comparing this estimate with Lemma 3 and Urysohn's inequality |17) 



Vol„ (V) 



l/n 



Vol„(i3^'2) 



< / ii«rrfM, II -11 = 11 -Ik, 



which is valid for any convex symmetric body V C ffi" we get 

V0l„ (b^2)) 



• VoL, 



> a' 



voi„ (b-^;)" 

>C--(Ms^y\ol,\Bl 

(p)^/'^, p < CO 

(log TV) 1/2^ p = oo 



2) 



Vol 



Applying ([HI), (I2T|), ([22]) we obtain 



(logiV)i/2, p=oo 



V0l„ ( 5^2- 



(22) 
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< 2" • max4 • 2^-(«')'''-" • Vol, (fif^)) • Vol^ (s^^)) 
which means that 

2-n . 2C-(9')'^'-n . (7" . / (P)^^^' p<00 

(logJV)^/^, p = oo 



Vol" (^(2); ^ 

< maxw„ 
1 



or 



Vol, (S(^2))-Volz 

2-n/; . ^I'y '"''■"■/'■ . (7"/' . 



Vol„, ( 5^2) 



Vol,, ( 5(^2) ) • Vol/ 



{Yog NY I p = oo 

i/i 

< ^m- (23) 



Observe that this lower bound holds for any L Let, in particular, m := dini7yAr/2]- 
Observe that < dim JXi f) J^^Tn < dim7[iv/2] or dim7|Ar/2] < (dim JXi D 
Tn)'^ < dimTiv- It implies that dimTAf/2 < I < dimTlv or Cn < I < n, where 
< C < 1. Let us put for convenience VoIq (^^(2)) ~ ^- Since 



1/2 



and 
then 



'(n/2 + 1) 

r {z) = ^^-1/2 . ^-z . (2^)1/2 . (1 + (9 (z-^)) 



'^l,s,n 



Vol, (5^2)) - Vol, (i3(2) 



Vol. 



r(n/2 + l)-7r("-')/^-7r'/^ 
W2.r((n-Z)/2 + l)-r(V2 + l)J 

r (n/2 + 1) 

r((n-Z)/2 + l)-r(//2 + l) 

e-"/2-i.(| + i)"/2+i-V2 



i/i 



(i + o(i)) 
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<c- 



c ■ 



/ „n/2+l/2 \ 



<c ■ 



\{n- ;)("-0/2+i/2 . ;;/2+i/2 / 

^«/(2/) + l/(20 

[n - ;)("-0/(20+i/(20 . ^1/2+1/(20 

„"/(20 



< C- 



(n_;)("-0/(20.^i/2 

„»/(2i) 
(„_/)"/(20-l/2.;l/2' 



where the penuhimate and ultimate steps are justified by the condition Cn < 
I < n (see, e.g., |14]). Consequently, rcn,n-Cn,n < C for any n e N and using 
(|23)) we get 



i9„ > c. 



pi/2.2C(?')i/^^ p<oo,(z> 1, 1 
(logm)i/2 • 2'^('?')'^', p^(x,q>l,) 



Finally, from ([TS]) and the last line it follows 
■ 

Remark 1 Comparing Theorem 1 and Theorem 2 we get 

v^{W;,^,Lq)^m-''/^, 7> (d-l)/2, l<g<p<oo. 
Remark 2 By embedding we get 

j/,„(Wy,S,L,) >m-''/'*, 7>0, l<g,p<oo, 

» m-T/'^aogm)-^, 7 > 1< g < 
S, Li) » m-'^/'*"^(logm)-^, 7 > 0, 

where C > is an absolute constant and e is an arbitrary positive number. 
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